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ON CERTAIN EQUATIONS OF ARBITRARY LENGTH OVER
TORSION-FREE GROUPS
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Abstract. Let G be a non-trivial torsion free group and t be an unknown. In
this paper we consider three equations (over G) of arbitrary length and show that
they have a solution (over G) provided two relations among their coefficients hold.
Such equations appear for all lengths greater than or equal to eight and the results
presented in this article can substantially simplify their solution.
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1. Introduction
Let G be a non-trivial group. An equation in t over G is an expression of the form
s(t) = g1t
1g2t
2 · · · gntn = 1 (gi ∈ G, i = ±1)
such that i + i+1 = 0 implies gi+1 6= 1 in G. We say, that the equation s(t) = 1 has
a solution over G if and only if s(h) = 1 for some element h of a group H containing
G. The study of equations over groups was initiated by B.H. Neumann [1] . Levin [2],
showed that a solution always exists provided n ≥ 1 and 1, · · · , n > 0. An equation
s(t) = 1 is called singular if Σni=1 i = 0 and is called non-singular otherwise. It has
been conjectured [3], that any non-singular equation is solvable. Moreover Levin [2],
conjectured that every equation is solvable over a torsion free group. A significant
work has been done to verify these conjectures [2, 4, 5, 6]. In [7], Prishchepov used
results of Brodskii and Howie [8], to show that the Levin’s conjecture is true for n ≤ 6.
In [10], Bibi and Edjvet proved that the conjecture holds for n = 7. The authors
considered a non-singular equation of length 8 in [11], and proved that the conjecture
holds. The proofs in [10], and [11], are given by considering all possible conditions on
elements of the group G. The number of such cases become extremely large as length
of the equation increases. It is however the only method available, so far, which can be
applied to equations of arbitrary length. The method depends on application of either
weight test or the curvature distribution method [10], to each case of an equation.
In [12], it was proved that certain equations of arbitrary length have a solution over
torsion free groups provided a single relation among elements of G holds.
In this paper we consider equations of arbitrary length and show that the Levin con-
jecture holds under some mild conditions on elements of G. These results significantly
reduce the number of cases in [11]. The results will also be used to solve equations of
length greater than or equal to 8. Our main results are the following theorems.
Theorem. Let s(t) = a1ta2t · · · ak1−3Ek1ak1Ek2ak2 · · · akm−1Ekmakmt · · · tant such
that aj ∈ G for all j and Eki = taki−2t−1aki−1t for all i ≥ 1. If aki−2 = ak1−2 and
aki−1 = ak1−1 for all i ≥ 2 then s(t) = 1 has a solution over G.
∗Corresponding Author
1Department of Mathematics, Sukkur IBA University. e-mail: fazeel.anwar@iba-suk.edu.pk
2Department of Mathematics, COMSATS Institute of Information Technology, Islamabad.
1
ar
X
iv
:1
90
3.
07
71
0v
1 
 [m
ath
.G
R]
  1
5 M
ar 
20
19
2 M. FAZEEL ANWAR1∗, MAIRAJ BIBI2, AND SOHAIL IQBAL2
Theorem. Let s(t) = a1ta2t · · · ak1−2Ek1ak1+1Ek2ak2+1 · · · akm−1Ekmakm+1t · · · tant
such that aj ∈ G for all j and Eki = t−1aki−1takit for all i ≥ 1. If aki−1 = ak1−1 and
aki = ak1 for all i ≥ 2 then s(t) = 1 has a solution over G.
Theorem. Let s(t) = a1ta2t · · · ak1−2Ek1ak1+1Ek2ak2+1 · · · akm−1Ekmakm+1t−1akm+2t · · · tant
such that aj ∈ G for all j and Eki = taki−1takit−1 for all i ≥ 1. If aki−1 = ak1−1 and
aki = ak1 for all i ≥ 2 then s(t) = 1 has a solution over G.
Remark. We would like to point out that the above results can suitably be generalized
to higher powers of t (i.e. replace t by tm for some positive integer m). The proves are
similar to the ones given here, therefore we omit the details.
2. Preliminaries
A relative group presentation is a presentation of the form P = 〈G, x | r〉 where r
is a set of cyclically reduced words in G ∗ 〈x〉. If the relative presentation is orientable
and aspherical then the natural map from G to 〈G, x | r〉 is injective. In our case x
and r consist of the single element t and s(t) respectively, therefore P is orientable and
so asphericity implies s(t) = 1 is solvable. In this paper we use the weight test to show
that P is aspherical [13].
The star graph Γ of P has vertex set x ∪ x−1 and edge set r∗, where r∗ is the set
of all cyclic permutations of the elements of r ∪ r−1 which begin with an element of
x∪x−1. For R ∈ r∗ write R = Sg where g ∈ G, and S begins and ends with x symbols.
Then i(R) is the inverse of the last symbol of S, τ(R) is the first symbol of S and
λ(R) = g. A weight function θ on Γ is a real valued function on the set of edges of
Γ which satisfies θ(Sh) = θ(S−1h−1). A weight function θ is called aspherical if the
following three conditions are satisfied:
(1) Let R ∈ r∗ with R = x11 g1 · · · xnn gn. Then
n∑
i=1
(1− θ(xii gi · · · xnn gnx11 g1 · · · xi−1i−1 gi−1)) ≥ 2.
(2) Each admissible cycle in Γ has weight at least 2 (where admissible means having
a label trivial in G).
(3) Each edge of Γ has a non-negative weight.
If Γ admits an aspherical weight function then P is aspherical [13]. The following
lemma [14], tells us that we can apply asphericity test in k−steps.
Lemma. Let the relative presentation P = 〈H, x : r〉 define a group G and let Q =
〈G, t : s〉 be another relative presentation. If Q and P are both aspherical, then the
relative presentation R = 〈H, x ∪ t : r ∪ s˜〉 is aspherical, where s˜ is an element of
H ∗ F (x) ∗ F (t) obtained from s by lifting.
It is clear from our definition of a group equation that if gi is a coefficient between
a negative and a positive power of t then gi is not trivial in G. This fact will be used
in all subsequent proofs without reference.
3. Main Results
The following lemma demonstrates the result of first theorem for equations involving
only two negative powers of t.
Lemma 3.1. The equation g1tg2t · · · tgi−2t−1gi−1tgitgi+1t−1gi+2tgi+3t · · · tgnt = 1 is
solvable if gi+1 = gi−2 and gi+2 = gi−1.
3Proof. Let
P = 〈A, t | g1tg2t · · · tgi−2t−1gi−1tgitgi−2t−1gi−1tgi+3t · · · tgnt〉
be the relative presentation corresponding to the given equation. Following [13], it is
sufficient to show that the presentation P is aspherical. Substitute x = tgi−2t−1gi−1t
to obtain
P = 〈A, t | g1t · · · tgi−3xgixgi+3t · · · tgnt = 1 = tgi−2t−1gi−1tx−1〉.
We use the weight test to show that P is aspherical. The star graph Γ for P is given
by Figure 1.
x x−1
t t
−1
1
gi
gi+3
gi−2gi−1
g1
gi−4
gi+4
gn
1
gi−3
Figure 1. Star graph Γ
In this case, the weight function θ is defined by θ(gi−1) = θ(gi−2) = θ(gi−3) =
θ(gi+3) = 0. Remaining edges are assigned a weight 1. The star graph clearly indicates
that all admissible cycles of weight less than two imply that the group is a torsion
group. Hence P is aspherical over a torsion free group.

Theorem 3.2. Let s(t) = a1ta2t · · · ak1−3Ek1ak1Ek2ak2 · · · akm−1Ekmakmt · · · tant
such that aj ∈ G for all j and Eki = taki−2t−1aki−1t for all i ≥ 1. If aki−2 = ak1−2 and
aki−1 = ak1−1 for all i ≥ 2 then s(t) = 1 has a solution over G.
Proof. Let
P = 〈A, t | a1ta2t · · · ak1−3Ek1ak1Ek2ak2 · · · akm−1Ekmakmt · · · tant〉
be the relative presentation corresponding to the given equation. It is sufficient to show
that the presentation P is aspherical. Substituting x = tak1−2t−1ak1−1t yields
P = 〈A, t | a1t · · · tak1−3xak1xak2x · · · akm−1xakmt · · · tant = 1 = tak1−2t−1ak1−1tx−1〉.
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We use the weight test to show that P is aspherical. The star graph Γ for P is given
by Figure 2.
x x−1
t t−1
an
a1
akm + 1
ak1 − 4
ak1
1
akm
akm−1
1
ak1 − 2ak1 − 1
ak1 − 3
Figure 2. Star graph Γ
In this case, the weight function θ is defined by θ(ak1−1) = θ(ak1−2) = θ(ak1−3) =
θ(akm) = 0. Remaining edges are assigned a weight 1. The star graph clearly indicates
that all admissible cycles of weight less than two imply that the group is a torsion
group. Hence P is aspherical over a torsion free group.

The following lemma gives a special case of second theorem where equation contains
only three negative powers of t.
Lemma 3.3. The equation g1tg2t · · · tgi−2t−1gi−1tgitgi+1t−1gi+2tgi+3tgi+4t−1gi+5tgi+6tgi+7t · · · tgnt =
1 is solvable if gi+5 = gi+2 = gi−1 and gi+6 = gi+3 = gi.
Proof. Let
P = 〈A, t | g1t · · · tgi−2t−1gi−1tgitgi+1t−1gi−1tgitgi+4t−1gi−1tgitgi+7t · · · tgnt〉
be the relative presentation corresponding to the given equation. It is sufficient to show
that the presentation P is aspherical. Substitute x = t−1gi−1tgit to get
P = 〈A, t | g1t · · · tgi−2xgi+1xgi+4xgi+7t · · · tgnt = 1 = t−1gi−1tgitx−1〉.
We use the weight test to show that P is aspherical. The star graph Γ for P is given
by Figure 3.
5x x−1
t t−1
1
gi−1
g1
gi
gi−3
gn
gi+8
gi+1
gi−2
1
gi+4
gi+7
Figure 3. Star graph Γ
In this case, the weight function θ is defined by θ(gi−1) = θ(gi−2) = θ(gi+7) = 0.
Furthermore the weight of the edge x→ t−1 with label 1 is also zero. Remaining edges
are assigned a weight 1. The star graph clearly indicates that all admissible cycles of
weight less than two imply that the group is a torsion group. Hence P is aspherical
over a torsion free group.

Theorem 3.4. Let s(t) = a1ta2t · · · ak1−2Ek1ak1+1Ek2ak2+1 · · · akm−1Ekmakm+1t · · · tant
such that aj ∈ G for all j and Eki = t−1aki−1takit for all i ≥ 1. If aki−1 = ak1−1 and
aki = ak1 for all i ≥ 2 then s(t) = 1 has a solution over G.
Proof. Let
P = 〈A, t | a1ta2t · · · ak1−2Ek1ak1+1Ek2ak2+1 · · · akm−1Ekmakm+1t · · · tant〉
be the relative presentation corresponding to the given equation. It is sufficient to show
that the presentation P is aspherical. By substituting x = t−1ak1−1tak1t we get
P = 〈A, t | a1t · · · tak1−2xak1+1xak2+1x · · · akm−1+1xakm+1t · · · tant = 1 = t−1ak1−1tak1tx−1〉.
The weight test will be used to show that P is aspherical. The star graph Γ for P is
given by Figure 4.
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an
a1
akm + 1
ak1 − 3
ak1
1
ak1 − 2
ak1 − 1
ak1 + 1
x x−1
t t−1
1
akm + 2
akm−1 + 1
Figure 4. Star graph Γ
In this case, the weight function θ is defined by θ(ak1−1) = θ(ak1−2) = θ(akm+1) = 0.
Furthermore the weight of the edge x→ t−1 with label 1 is also zero. Remaining edges
are assigned a weight 1. The star graph clearly indicates that all admissible cycles of
weight less than two imply that the group is a torsion group. Hence P is aspherical
over a torsion free group.

We now give a special case of the third theorem where equation contains only two
negative powers of t.
Lemma 3.5. The equation g1tg2t · · · gi−2tgi−1tgit−1gi+1tgi+2tgi+3t−1gi+4t−1gi+5t · · · tgnt =
1 is solvable if gi+2 = gi−1 and gi+3 = gi.
Proof. Let
P = 〈A, t | g1tg2t · · · gi−2tgi−1tgit−1gi+1tgi−1tgit−1gi+4t−1gi+5t · · · tgnt〉
be the relative presentation corresponding to the given equation. It is sufficient to show
that the presentation P is aspherical. Substituting x = tgi−1tgit−1 yields
P = 〈A, t | g1t · · · tgi−2xgi+1xgi+4t−1gi+5t · · · tgnt = 1 = tgi−1tgit−1x−1〉.
We use the weight test to show that P is aspherical. The star graph Γ for P is given
by Figure 5.
7x x−1
t t−1
g1
gi−1
gi−3
gn
gi+6
gi+1
gi−2
gi+4
gi
1
1
gi+5
Figure 5. Star graph Γ
In this case, the weight function θ is defined by θ(gi) = θ(gi−2) = θ(gi+5) = 0.
Furthermore the weight of the edge t→ x−1 with label 1 is also zero. Remaining edges
are assigned a weight 1. The star graph clearly indicates that all admissible cycles of
weight less than two imply that the group is a torsion group. Hence P is aspherical
over a torsion free group.

Theorem 3.6. Let s(t) = a1ta2t · · · ak1−2Ek1ak1+1Ek2ak2+1 · · · akm−1Ekmakm+1t−1akm+2t · · · tant
such that aj ∈ G for all j and Eki = taki−1takit−1 for all i ≥ 1. If aki−1 = ak1−1 and
aki = ak1 for all i ≥ 2 then s(t) = 1 has a solution over G.
Proof. Let
P = 〈A, t | a1ta2t · · · ak1−2Ek1ak1+1Ek2ak2+1 · · · akm−1Ekmakm+1t−1akm+2t · · · tant〉
be the relative presentation corresponding to the given equation. It is sufficient to show
that the presentation P is aspherical. Substitute x = tak1−1tak1t−1 to get
P = 〈A, t | a1t · · · tak1−2xak1+1xak2+1x · · · akm−1+1xakm+1t−1akm+2t · · · tant = 1 = tak1−1tak1t−1x−1〉.
We use the weight test to show that P is aspherical. The star graph Γ for P is given
by Figure 6.
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an
a1
akm + 1
ak1 − 3
ak1 − 1 1
akm + 2
ak1 + 1
x x−1
t t−1
akm + 3
akm−1 + 1
1
ak1
ak1 − 2
Figure 6. Star graph Γ
In this case, the weight function θ is defined by θ(ak1) = θ(ak1−2) = θ(akm+2) = 0.
Furthermore the weight of the edge t→ x−1 with label 1 is also zero. Remaining edges
are assigned a weight 1. The star graph clearly indicates that all admissible cycles of
weight less than two imply that the group is a torsion group. Hence P is aspherical
over a torsion free group.

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